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A Broader Impacts

This work provides theoretical insights into how transformers can leverage unlabeled data to improve
in-context learning, a core capability underlying many recent advances in language models. By
improving data efficiency and adaptability, our findings could enable more accessible and capable
Al systems, particularly in low-resource settings where labeled data is limited. These advances may
benefit a range of applications, including next-generation wireless communications and networking,
healthcare, and financial services. Given the theoretical nature of this work, we anticipate minimal
direct negative societal impact. Nonetheless, we recognize that future practical implementations
inspired by this research should adhere to responsible Al principles.

B Proof of Expressiveness

First, we restate the theorem:

Theorem B.1. There exists a 4-layer transformer, such that its output sequence at the (t + 1)-th
CoT step satisfies

(t+1) (t n® & (t t c Y
ﬁi = ﬁz ) YA Z pij) (ﬁf ) Xj) + 10y - N Z(ezTYj)XJH (B.1)
J=N+1 j=1

()

foranyi € [C], wheren\!) = o/ (T'+t) for some positive constants o and T', p;j is the normalized

weight

Py = ZGXP( I = %1% + Br /ZZexp 2||A(T>—xj||§;fl+,87), (B.2)

7=0c=1

and [ is a positive constant.

We start from the proof of Theorem 4.1} which shows the transformer’s capability of implementing
an EM-style algorithm.

B.1 Proof of Theorem[d.1]

Recall that the input sequence at the ¢-th CoT step is formulated as

N X, Xy, 0 * e *
AtV Y, 0 0 % - 9« ,
P, P, QO Q® ... Qt-b
where
P;=[p1, P2, - PN} (B.3)
P, =[pnNt1, Pny2, 0 PNiM), (B.4)
Q7 =", ¢, - 47, rep:t-1]. (B.5)

We specify p; and q ) as follows. For each data sample j € [N + M], we denote

- 0c -

p; = 0

Liem
LicN 1N+ M)
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For each class i € [C], the corresponding qZ-T) has the following form

€;
Ay
Oc
m _ | Oc
q;" = CHE
Uy
0
0
L 7
where ﬁy) stores the estimate of the mean vector of class ¢ from the 7-th CoT step, and uj stores a
() (™) — _a 52
rescaled norm of zi; 7, ie., u; ' = —5||u; " ||%

Next, we specify the parameters of each layer of the transformer as follows.

Layer 1: The first layer of the transformer consists of an attention layer with a softmax activation
function, and an MLP layer. Let the parameters of the attention layer satisfy
O4x(at2c)y 271

0
K. — (AC+d+2)x2C
QK 1 0ix2 B
0

0(d+20)x (d+C)
0(d+C+4)x (d+20+4)

Denote attn;(p;) as the output token after passing p; through the first attention layer, and let
~; := attni(p;)[d + C + 1 : d + 2C]. Then, we have

S e Lieier & (= IR 130 + A7) Tx; + 7 ),
S et Sieier & (= SIB71% 0 + (@7)Tx; + 57)

v =

Other entries in H®~1 remain unchanged after this attention layer.

Subsequent to the first attention layer, a token-wise MLP is applied. Similar to | Kim and Suzuki
(2024b), in this work, we assume the MLP layer can realize any deterministic token-wise link func-
tion with negligible error. The first MLP layer transforms input representations p such that

mlp, (attn (p;)) = ~; - attny (p,)[3C + d + 3]
T O ~(1
mip; (uf”) = ~Z|A{” |

Since p;[3C +d+ 3] =0for j € [N]and p;[3C +d+3] =1forj € [N+1: N+ M], and
the corresponding entries remain unchanged after passing through the first attention layer, this MLP
layer only keeps -, for tokens corresponding to the unlabeled dataset (i.e., j € [IV]), and set -y, to
zero for all other tokens (i.e., j € [N + 1 : M]).

Layer 2: The second layer of the transformer consists of an attention layer with a linear activation
function, and an MLP layer. The parameters of the attention layer are set to satisfy

0(2d+4c42)x (2d+4C+2)
Q2K = 0 O
a1 0
024430 x (d+2C)
V, = I-
04x (d+C+a)

We denote SE—T) = attng(qu))[d +2C + 1: d 4 3C] as the vector extracted from the output token
(m)

after passing qET) through the second attention layer. Then, s; ' = 7 o Zj\g\,ﬂil v, where o is a

fixed scalar embedded in QoK.
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We let the subsequent MLP layer realize the following token-wise Lipschitz function:
N+M

~(T)y _ (1) [N COBN SN CONPNC) M () T
mlpy (') = H; ' — —————H; €;S; =W — ——H,; € Z Vi
(7 + ag) T+ a9 ielvay
o
mpo(ei) = - +1a2 e;.

Layer 3: Similar to the second transformer layer, the third layer also consists of a linear attention
layer and an MLP layer. Consider the following parameterization for the attention layer:

0(d+0)x (d+20)
QK3 = Ic
O(d+20+4)x (d+C+4)
O(d+30)xd
V3 = Li

Oci4;d440+44
Therefore, this attention layer realizes the following updating process:

~(r ~(r o .
attn (G{7) = mlpy (") + 37 xel 47
JE[M]

After this linear attention layer, we let the MLP layer realize the following function
T + ag
mlp3 (ei) = —€;
aq
Layer 4: For the last layer, we introduce a transformer layer with a ReLU-activated attention layer
followed by an MLP layer. We parameterize the attention layer as:

O(d+c)xd
Ic

QiKy = 0(d+20+1)x (d+3C+3)
1
02

O(d+20)xd
Vy= 1,
O2ct4)x(4C+d+4)

The corresponding updating rule of this layer gives
T T O
attn4(u§ )) = attng(u,g )) + N Z x;ReLU(—7 + e/ y;).
JE[N]
Therefore, we can further reformulate it as
C T .
i —ijw(eiyj), if =0,
attng () = ¢ NV 5%
attng(pl™), if 7> 0.

Given the above 4-layer transformer structure, by setting oy = ao/M and as = T” for fixed o > 0,
T’ > 0, the output sequence corresponding to the Q(*~1) block in the input sequence that satisfies:

@y~ 19 & @ o C &
I, =i - Vi Z pij) (ﬁz - Xj) + 1=y - N Z(eZTYj)xgﬁ (B.6)
j=N+1 j=1

®

forany i € [C], where ') = o/ (T"+t) for some positive constants cand 7", p;; is the normalized

weight

t t c
t ~(T ~(T1
Py =D exp(—41A7 - x; /- +BT>/ZZ€XP(§IIMC )= %1+ Br).
7=0 7=0 c=1

The proof is thus complete.
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B.2 Proof of Theorem4.2]

In this section, we show the detailed proof of Theorem[4.2] We start by restating the theorem:

Theorem B.2 (Class Mean Estimation Error.). Given the transformer described in Theorem
when N > 36a2L?log1/e, M > max{(T")*, log® 1/¢}, and t > max{~/M,T"}, with probability
at least 1 — €, the output of the transformer after t CoT steps satisfies

< log(1/e)

M® —M|% < c—=L2

| Ir < NVM
where c, o, L, T' are positive constants.

Step 1: First, we ensure that the initial estimation of the class mean vectors obtained from the
labeled data gives a small estimation error.

Lemma 1 (Initial estimation error from labeled data.). Consider the initial class mean estimates
w_C T .
M = Z X; - (ei y]-), Vi € [C].
JE[N]

Then, for fixed K > 1 and any positive constant T' > AK, we have
1 2 K
P D! w0~ il > T] < exp{—eNK/T'),

where c is a positive constant.

Proof. We denote n; as the number of samples drawn from class ¢ in the [V labeled data. Under the
assumption that y; ~ Uniform()), Vj € [N], we have n; ~ Binomial(N,1/C). Then, according
to Chernoff’s inequality, for any € € (0, 1), we have

P(|ni - %‘ > e%) < 2exp(—t€;—év).

For any u > 0, Let ¢ = u/ K /T, we obtain

P(‘ni C|>u\/; )<2exp( ’3261,\;1,()

Therefore,

P(|Gm 71|>u\/7)<2(3xp< e, (B.7)

Conditional on n;, we have ni Z] yime; X Mi ™~ MN(0,3/n;). We assume ¥ is an isotropic

matrix in the form of o
Hoeffding’s inequality.

2, and we obtain the following inequality based on

(HE Z X; — Mil| >0 Qt Z) < 2e7t.
For any v > 0, by setting t = v?n; K/(20%T"), we have
(H— Z Xj — M| > vﬁ) < 2exp(—v?n; K/(80*T")) (B.8)
jiymes
< 2exp(—v?(1 - %)%) (B.9)
< Zexp(—UQ%). (B.10)
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Then,

P(Hﬁi — pil? > TE)

- JE)

P(|$¢ > - G- (01— G

Jyj=ei
1 .
SP(% - > xj = ||+ 11— Gl = %)
" yj=e
1 :
SP(% o > x| =/ or |1 - G IMHZ\/%)
! jiyi=e;
(@) NK
< dexp(—cH)

for positive constant c¢. The inequality (a) holds by setting v = 1/||p;|| in Equation (B.10) and
setting v = N/Cnq in Equation (B.14). The proof is thus complete. O

Step 2: Next, we bound the discrepancy between the gradient obtained from each CoT step for
a given input sequence, and the gradient of the population loss.

We define the population loss for any given set of class mean vectors {; }i¢c|c) (i-., any given M)
as:

C
L({pi}) = Ex llog(é > exp(—4[x— uillél))l : (B.11)
=1

where the expectation is taken over the randomly generated data x for given M, as specified in
Equation (3.1).

We first characterize an important property of £({u;}) as follows.

Lemma 2. The Jacobian of V ,, L at p; for all i € [C] is negative definite, i.e., Viiﬁ =< 0.

Proof. Define

exp (4 lx - pill% )

C )
Zc:l eXp<_%HX - NCH%—l)

so that py (p;) is a softmax weight depending on x and the centers {p.}<_ ;. Note that Viiﬁ is the
Hessian of VL at u;, given by

V. L =Ey [px(ui)(l — (i) S (s — x) (i —x) T2 — px(ui)E’l} :

where and the expectation is taken with respect to the distribution of x. Therefore, there exists a
constant 0 < «¢ < 1 such that

V2L = B ape(i) B (= %) (i = %) S = pe(u) 27

Px (i) =

Now, for any nonzero vector u € R?, consider the quadratic form uTVfM Lu, using the above
matrix inequality, we have

w7, Lu < uT Exope() B s ) (s = %) T8~ pe(p) 2
Therefore, rewriting the expectation as an integral yields
uTVfMEu < % aN (x| p, Du" 27w —x)(p; —x) "2 udx — éuTZ*lu
Rd
< %UTE_lExNN(M,zfl) [(H’i —x)(pi — X)T} > tu— %UTE_lu <0.

Thus, the quadratic form is negative for every nonzero u, and the matrix Viiﬁ is negative definite.
This completes the proof. O
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We note that for each CoT step ¢ > 0, the updating induced by the constructed transformer is

) _ o 19 NS @ o
B =n; - NV Z Dij (“z’ - Xj) (B.12)
J=N+1
where p( ) is defined in Equation lb
To simplify notation, denote
1 N+M
2 P %) = Vol (B.13)
j=N+1 ’

We note that £ itself is not an explicit loss function. We use the notation Vﬁmf to represent the
equivalent gradient for the updating determined by the ¢-th CoT step. '

In the following, we characterize V mﬁ and compare it with V£, i.e., the gradient if GD is per-

formed on the population loss. We have the following lemma.

Lemma 3 (Properties of the CoT gradient descent). Fix an epoch t and a component index i € [C],
there exist constants c1, ce > 0 such that, for every M > 1,

Pr(”vﬁmz— Vﬁ@EH < M—1/4) > exp(—\/ﬂ)7
and

Pr({|vﬁ§t)2||2 <co+ 03M71/2) >1- eXp(*\/M).

Proof. Recall that
N+M

~ 1
Vaol =g 2 o (7 - x;)

J=N+1

where foff’t) is given by

t C
o) = Zexp( A =il +07) /30 exp(-HIAC x5l + ).
7=0 c=1

By choosing § — oo, we further have

C
p = e (—3la" —xl3-) / > exp( =3I = xil1%-1)-
c=1

where the samples {x; } j>n41 are drawn from a Gaussian mixture distribution.

Therefore, given ﬁ,g) ,

x; are Guassian random vectors and Pij

the random variable pit) (ﬁl(»t) — x;) admits a sub-Gaussian tail bound since

) (ugt) x;) is Lipschitz continuous over x;.

Then, by the Bernstein’s inequality, for any fixed § € (0, 1), with probability at least 1 — §, we have

| NEM
®) () @) () _
LS G ) B [ (A )]
J=N+1
Cq )
lo (7>7
vt VB
where ¢4 > 0 is some absolute constant.

By choosing § = exp(—+v/ M), we obtain that with probability at least 1 — exp(—v' M),

Hvﬁgt)ﬁ . vﬁg,,)z:H

IN

~ 1
HVA(t)ﬁ - VA(t),CH < M4,
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for another constant ¢’ > 0. This completes the proof of the first inequality.

Next, we show that HVﬁ(_t) L|| itself is bounded with high probability.

Consequently,
L 00
- t) 1 ~(t
IVaolll =15 22 i (87 =)
j=N+1
1 N+M ) )
t) 1 ~(t
S Z pij (,J’i _Xj)H
j=N+1
LL A(t
<3 X a0 -
j>N+1
1 ~(t)
<37 2 U1+ 1)
j>N+1
_t 1
= a1+ 57 > Ixl, (B.14)
Jj>N+1

where inequality (a) holds since pl(-;-) < 1. Note that

o _ ey 1Y R (¢
B =y > py (T %)
j=N+1
(t-1) =1 NEM
_ U (t-1) (t-1)
(1— 7 > G i S o Pk,
J=N+1

Therefore, we have

t ~(t— 1 1
BN < 187N+ 57 D2 Il

~(1) t—1
< a0+ A Z [l
Combining with Equation (B:14), we have
~ (1 t
IVao Zll < IEP1+ 57 > Ixl
J=N+1

Applying the Bernstein’s inequality, with probability at least 1 — exp(—+/ M), we have
c

1 1 1
Vi Z ij||§EZMi+C5M 4,

j>N+1 i=1
where c5 is a positive constant.

Therefore, for any ¢ < T where T’ is total number of CoT steps, we have

v, <t>£||<||ﬁfl)\|+ Zm—i—cme I
i=1

which implies
~ 1
||Vﬁ(t)£|‘2 <cog+cgM™ 2,

where ¢y and c¢3 are positive constants depends on 7', || ﬁE” | and £ Zlczl ;. The proof is thus
complete. O
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Step 3: Finally, we show the convergence of the class mean estimation error.

ALY — ] |? gives

Expanding the squared error ||ft;
1Y = il =18 = il + 200 (A~ i, V0 L)+ ()2 |V 0 2]
<[ — will? + 29 t)<A(t) — M, Vﬁ§t>£> +2nW||VL - VL|

+ () |V L[ (B.15)

Denote fi(*) and p as the vectors obtained by stacking {uZ )} ~, and {p;}. |, respectively. There-
fore, we have

[BED —pl? < (1G9 — w2420 P (GO -, Voo L£)+20D ||VL=VL|+(0D)2(|V a £]*.

To control the inner product term (f1(*) — p, V) L), we perform a first-order Taylor expansion of
Vo L around p as

Vawl =VuL+ (VEL) (A" — p) + R(ED, p)
W (v2L) (@Y — ) + R(AY, ),

where equality (a) holds since p is the global minimizer of £ and £ is differentiable on R, thus
VL =0,and R(", p) is the remainder term.

For the remainder term, we have

<R(ﬁ’(t)7 H’)? ﬁ’(t) - IJ’>

1
= /0 (ﬁ(t) - H)T(vi-i-f(ﬂ(t)—p,)ﬁ V2 £>( ) _ )dg

1
= / V2 sy £ = V2L 1D — pa)2a

(b) N N
< / LENA® — plPde = LAY — ),
0

where Inequality (b) follows from the fact that V2L is twice continuously differentiable, its Jacobian
is Lipchitz continuous in a neighborhood of p, and L is the Lipchitz constant.

Therefore, there exists a constant A > 0 such that
1B — ] + <ﬁ(” - n, 217(”Vu5(”>
<0 = pll? 4+ 200 @O — ) VELED — )+ 20O LA
2 (1= 2 ON) A =l + 2O LD — ®.16)
where Inequality (c) follows from Lemmawhich proves VZE is negative definite.
Meanwhile, Lemmaensures with probability at least 1 — exp(f\/M ),
D||VL—VE| < ern® M1, (B.17)
D)2 |V 50 Z||” < ea (n©)? M2+ ()2, (B.18)
Substituting (B.16)), (B.17)), and (B.18)) into (B.T3)) then yields the one-step error recursion
JEHD =l < (1= 209N A0 =l + 20O LAY — po?
+en®WME +02(n(t))2M_% + e3(n®)2. (B.19)
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Next, we aim prove ||z(") — p||?> < K/t for a positive constant K by induction.
Let n® = % and M®) = ¢? for some p > 4. First, assume ||z} — p||? < K/t for a fixed t > 1.
From Equation (B:19), we note that there exists a constant ¢4 > 0 such that

| — p||? < (1 —222 ) 15D — pl? + cs— + 27||A<t> — p? + cpat=OFD)

3
al alL (K\? o?
bt Wkl il kel -(1+%) =
§<1 2 >t 2t (t) + cyat 4—|—63t2.
Therefore, we have

3
K a\ aL, (K\? » o® K K
~(t+1) _ 2 o I Dl Wil s [ 2 —(1+%) “ o
i uliP -7 < (1 2 ) = +2— <t> +eaot”™ D ey — — 4+

(MY

L (K P 2
= (—2aX + ) Oé(t) +C4at_(1+z)+63%. (B.20)

By choosing a > 1/\, K > max{3cza?,3csa} and t > 3602 L?K, we have

3
K K L (K\? K b K 2 K

Note that we assume ||fz(") — p||? < K/t. Therefore, by substituting Equation (B.21) into Equa-

tion (B:20), we have

R K
IEEHD — plf? — 1 <0, Vt>36a’L*’K

Select T" = 3602 LK and let n") = a/(t + T"). If |a® — p||?> < K/(T" + t), it must have

~ K
a0 — ) < Tl vt > 1.

Recall Lemmall|indicates that, with probability at least 1 — exp(—cN K /T"), for some constant c,
it holds that ||u(") — u|| < K/T’. Therefore, for any fixed e € [0, 1], if

N > 360%L?*log1/e,
M > max{(T")* log® 1/e},
t> VM,
with probability at least 1 — ¢, the estimation error is upper bounded by

. log(1/e)
®) _ pll2 < e—22 L
|1 pll” < NIL

where ¢ is a positive constant. This completes the proof of Theorem .2
B.3 Proof of Corollary[4.1]

First, we restate the corollary below.

Corollary B.1 (Restatement of Corollary [i.1). Lez y; be the predicted label for x; according to
Equation (3.3). Let R* be the prediction error under the Bayes-optimal classifier with known class
mean vectors ju1, - - - , pc. Then, under the same conditions as described in Theorem|.2] we have

Py, # ylp, -, pe] — R* < O(1/y/N poly(M)).

Proof. First, we define A = ||ﬁ — M||, define g as the Bayes-optimal classifier given estimated
class means M and define g as the Bayes-optimal classifier given ground truth class means M
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Suppose g(x) # g(x). Then, there exist indices ¢ # k such that g(x) = ¢ and g(x) = k. Because
g(x) = i is Bayes-optimal, we have
% = pil] < [lx = gl and [|Jx — pag || < [lx = |-

Denote { = ||p; — pg||. Therefore, from the geometric observation, the misclassification only
happens when x is in the dihedral cone with angle 6, where tan(f) = A/¢ (Diakonikolas et al.,
2018)).Thus, the probability for misclassification is upper bounded

Plg(x) # g(x)] < 0,
for a positive constant ¢’. Since P[y; # y|u1, -+, pc] — R* = P[g(x) # g(x)] and from Theo-
rem we have A < ¢/4/1/N /(M) for positive constant ¢/, the proof is thus complete. O

C Proof of Training Dynamics

First, we restate Theorem [5.1] below.

Theorem C.1 (Restatement of Theorem . Let {Q®) K®) V)Y, < be the parameters of the
first attention layer of the transformer after applying k iterations of gradient descent on the popula-
tion loss defined in Equation Qb with step size n*) = 1 /k. Then, with the initialization specified
in Assumption|l| we have

IW® — 5713 <

f

for some positive constant c, while the other parameters in Q*), K(©) and V©) remain unchanged.

We assume ground truth means are 11D sampled from standard Gaussian distribution: p; ~ A(0,T)
for all 7. Then, we introduce the following quantities: 1) the formulation of class mean estimations
given by the transformer during teacher-forcing training; 2) the reference class mean estimations
given by the reference policy; and 3) the formulation of the gradient of the teacher-forcing training
loss.

At the k-th GD iteration during training, we denote the set of reference class mean estimations
(kst) (k1)

as Hye 157 5 Myor oo for the CoT steps ¢ € [T7]. Given the reference class mean estimations, the
estimation given by the transformer throughout teacher-forcing satisfies
(eesn) _ ey 10 R FE0 (k)
A(kt+1) (Kt t t
By - l‘l’ref,i a5 Z (IJ’refz Xj)
j=N+1

where ]’fo Vs given by

Ztr:o exp( w”lhT 12 + XTW(k),u + ,6’7')
Sty Xy exp(—SIAT 2+ x] WRRD + pr )
By choosing 3 — oo, we further have
eXP( 2lIaE 2 + xTWUv),N))

- C w T ~(7
S exp(— g7 2 + ] WHRED)

k,
ﬁgj D=

k
Py =

We choose the reference policy under which

(t) N+M

(kt+1)_ (k,t) 77 (k,t)
l‘l’ref ) - ref % Z pz l’l’ref i XJ)’
j=N+1
with
1y,,k:t) 2
(k,t) eXp(_in’refi _Xj”E—l)

p” C k,t) ’
2 e (Ll - %03 )
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To simplify the notation, when there is no ambiguity, we drop the superscript (k) for the training
iteration. Denote q(t) [13(13) pC J] and qﬁt) [pgtj) pgz] At the k-th training iteration, the

CoT training loss w1th teacher-forcing is

T N+M
t—1
Lootarain (03 Tn) = Z > CE( Fo(H! ))]2d+2c+1:2d+30,N+j>
T'= 50
T N+M

IS e (),

t=1 j=N+1

where CE is the cross entropy loss function.

Define sz(-;i) =-1 ||ﬁ§7) % + x;—W(k)ﬁ and s(f) [sg';) (t)] Note that the derivative can be
written as

®
) ~(t) aL
OCE (qﬂ U ) _ _Zaeety) w0
s B 95t Pig- = P
1] 3

Furthermore, since 835? JOW o = M, X3, Where a, b € [d], by the chain rule, we have

9CE (qﬁf),a(t)) B 9CE (q;t),q(t)) 95

U NT (GO ) OVM xs
IWap a 050 awabf;@ = Pij )Ma,iX;p. (C.1)

Based on the notations, we will prove Theorem@ as follows.

Step 1: Given the gradient of the cross entropy loss with respect to the learnable parameter
matrix W, our first step is to provide a decomposition of the gradient so that it becomes
analytically tractable.

In the matrix form, Equation (C.1) can be written as
VwCE (a”,d") = M(@" - o|")x].

By the Stein’s lemma, we have
EM(@G"” - q\”)x]]
— En M By [d) - oV [Ex]] + Ex, [Va"” - Vo3|

= Fy {MEXJ[A(“ q§t>]E[xT]}+EM {ME val - Vq§t>]2}.

A Az

Step 2: Based on the decomposition, we aim to show that .4; = 0.

We note that when taking the expectation over the labeled dataset, we have

C
Ely > xi(efy;) | = mi

JE[N]

Therefore, p),;; = pi. When the reference class mean estimations are generated by gradient
(®)

descent over the population loss, we have p, ; , = p; for any i € [C] and t € [T] the gradient
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over the population loss is zero:
t
exp(~ St — %%
c t
Sy exp(—Slulir . — 3
(®) 2 c
eXp(*%HHref,i —x[|5-1) 1 ®
[t ) (S L], 0

=1 eXP(= 3| pe o — XI5 1

@ [ 1 B
|, G0 = xix =

where ;(x) is the pdf of Gaussian distribution with mean p; and covariance matrix X, and equal-
ity (a) holds since plkt)

ref, s —

;. Given the above-discussed property of the reference class mean

estimations, for Ey; [ﬁ;t) - qgt)} in Ay, its is obvious that Ey [qét)] = 1/C. For Ey; [ﬁgt)}, we let
W () initialize form a isotropic matrix wI, and we assume at training iteration step ¢, it preserve the
isotropic as w®). Therefore, since the ground truth X is an isotropic matrix, the temperature acts

identically on all classes:

exp (=517 — x,12) exp(— 317 — ;%)

c o c
Sy e (=g lue—x,P) Sy exp(~4lme = ;1% )
Therefore, we have E4 [ ;t) ;t)] = 0, which gives A; = 0.

Step 3: Finally, we analyze the properties of .45, and obtain the final results afterwards. We
will prove that W ®) preserves isotropic by induction. Note that we assume training iteration step ¢,
W) is isotropic. Besides, we initialize W () as an isotropic matrix.

As can be rewritten as

Az = Bng [ME,, [Va(" - Va!"] 3]
—En M ( (diag(BlG"]) - Exld)” @")71) MTWH 51— (diag(al”) - Exal”(a}”)T]) MT)].
Because the class prior is uniform and the isotropic initialisation, we have

~ 1
Ex,[d)"] = Ex [q)] = 51.

Since each coordinate of ﬁ;t) (or qgt)) has the same marginal distribution and any two distinct
coordinates have the same joint distribution, we have

. 1 ()~ 1
diag(E[p\"]) = diag(q") = b E«[q\"(@")"] = Ex[a\” (¢\")T] = 1
Therefore, we have

Ay = Enp [M (diag(l/C’) - 01211T> M (WU“)E*1 - I)} .

Since all columns in M are sampled from A/(0,T) and W*) is assumed to be an isotropic matrix,
it’s obvious that A, is also an isotropic matrix. It follows that

(WH — 2 Vw Leor)

=Em [trace (M (diag(l/C) - (;QIIT) M’ (W(k) - 2) ! (W(k) - 2)T):|

a

@ %trace <]EM [éMMT] (W(k) - 2) (W(k) - E)T —Em [

—
=

CQMllTMT} (Wh —x) (W - E)T)
%traee ((W(k) - z) (W(’“) - E)T 1 (W(’“) - 2) (W(’“) - 2)T>

C
1 k) 52
= 1——=||W 3%
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where equation (a) follows from the assumption that ¥ = o21.
Set G := supy, || Vw Leor(W®)||p, and let v = (1 — 1/C) /o', Then,
WD — 3 < WD = 55— 29 W — 2|7 + (n9)?G2.

With the step size (%) = 1/k, this becomes

2 G?
WD -l < (1 30) W -2+ 37
which yields
W® — 3|2 < max{||W® — 5|2, G?/v}
< 7 :
Let ¢ = max{||[W®) — X||2., G?/v}, we have
wh _ 32 < 2
| 7 < 7k

Thus, the proof is complete.

D Auxiliary Lemmas

Lemma 4 (Stein’s Lemma). Let X € R% be a random vector with
X~ N(p, %),

where i € R? and ¥ € R is q positive definite matrix. Let f : R? — RF be a continuously
differentiable function such that

E[If(X)]] < oo and E[|VF(X)]r] < oo,

where || - || denotes the Euclidean norm in R¥ and || - || is the Frobenius norm. Then, the following
identity holds:

E[(X - ) f(X)T| = SE[VF(X)],
where V f(X) is the k x d Jacobian matrix of | evaluated at X.

E Limitations

Our analysis and experiments possess certain limitations. Below, we outline these limitations and
propose directions for future research.

First, our analysis tracks parameter updates only in the first transformer layer, leaving all other
layers frozen. As a result, we cannot say how weights in non-linear hidden layers evolve under
teacher—forcing. To the best of our knowledge, the training dynamics of multi-layer transformer
with non-linear activation is still lacking investigation. A full, multi-layer treatment for end-to-end
training remains an open problem.

Second, this paper is the first theoretical investigation of the influence of unlabeled data in in-context
learning, therefore, we restricted the experiments to a synthetic data set. However, whether the same
behavior emerges in real-world tasks, and how unlabeled examples influence in-context learning
for large, fully-trained transformers, is still unknown. Empirically understanding such impact is a
promising future direction.
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